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Abstract
The observed shears bands in 198Pb and 199Pb are investigated within the framework of tilted
axis cranking covariant density functional theory, and the separable pairing force is adopted to
consider the pairing correlations. The energy spectra, total angular momenta, and transition prob-
abilities agree well with the experimental data. The bandhead energy differences are reproduced
satisfactorily without any ad hoc renormalizations when the pairing correlations are taken into
account. The angular momentum vectors are discussed in detail to analyze the pairing effects on
magnetic rotations.
PACS numbers: 21.60.Jz, 21.10.Re, 23.20.-g, 27.60.+j
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I. INTRODUCTION
The most common rotational bands in atomic nuclei are built on states with a substantial
quadrupole deformation and characterized by strong quadrupole (E2) transitions. Such
bands are usually well interpreted as the coherent collective rotation of many nucleons
around an axis perpendicular to the symmetry axis of the deformed density distribution.
The study of these kinds of bands has been going on for several decades, and continues
to generate much excitement due to the discoveries such as backbending [1], alignment
phenomena [2, 3], superdeformed rotational bands [4], etc.
In the early 1990s, however, the rotational-like sequences in weakly deformed neutron
deficient Pb isotopes were observed [5]. This new type of rotational bands has strong M1
and very weak E2 transitions. Moreover, in this case, nuclei can rotate around an axis
tilted with respect to the principal axes of the density distribution. In order to distinguish
this kind of rotation from the case in well-deformed nuclei (call electric rotation), the name
“magnetic rotation” was introduced in Ref. [6]. To data, more than 195 magnetic rotational
bands have been observed in A ∼ 60, A ∼ 80, A ∼ 110, A ∼ 140, and A ∼ 190 mass
regions [7].
Theoretically, magnetic rotation was first explained by tilted axis cranking (TAC)
model [8]. In this model, it is relatively easy to construct classical vector diagrams showing
the angular momentum composition, which is of great help in representing the structure of
rotational bands. The quality of the TAC approximation was examined in comparison with
the quantum particle rotor model (PRM) [9]. Based on the TAC model, many applications
have been carried out in the framework of schematic Hamiltonians, such as the pairing plus
quadrupole model [10].
During the past decades, density functional theories (DFTs) have received wide atten-
tion owing to their successes in describing many nuclear phenomena in stable as well as
in exotic nuclei [11–16]. Considering the impressive achievements of DFTs, the extended
version of TAC approaches, namely, the TAC approaches based on DFTs have been de-
veloped [7, 17–20]. These self-consistent methods are based on more realistic two-body
interactions and, thus, can be used to investigate the nuclear rotational excitations on a
more fundamental level with all important effects included, such as core polarization and
nuclear currents [21, 22]. In particular, the tilted axis cranking covariant density functional
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theory (TAC-CDFT) provides a self-consistent description of currents and time-odd fields,
and the included nuclear magnetism [23] plays an important role in the description of nuclear
rotations [24–27]. So far, the two-dimensional TAC-CDFT has been successfully used to de-
scribe the magnetic rotational bands [19, 28, 29], antimagnetic rotational bands [22, 29, 30],
linear α cluster bands [31], etc. High predictive power has been demonstrated as well [7, 20].
In previous investigations on nuclear rotational excitations within the framework of TAC-
CDFT, pairing correlations are neglected. The pairing effects on tilted axis rotational bands
are not well understood until TAC-CDFT with a monopole pairing force is developed in
Ref. [32]. It is found that the description of energy spectra, especially the bandhead energy
differences, can be significantly improved by the inclusion of pairing correlations. Later on,
TAC-CDFT with a separable pairing force is implemented to investigate the yrast sequences
in 109Ag and good agreements with experimental data have been achieved [33].
In present work, the TAC-CDFT with a separable pairing force is used to study the
classical magnetic rotational bands observed in 198Pb and 199Pb, and the leftover problems
in Ref. [28], namely, the renormalization of bandhead energies and the too low rotational
frequencies for band crossings will be solved by considering the pairing correlations.
The paper is organized as follows: after sketching the formalism of the TAC-CDFT
with the separable pairing force in Sec. II, the numerical details of the method are given in
Sec. III. In Sec. IV, the calculated results with the corresponding data are compared and the
pairing effects on the magnetic rotational bands in 198Pb and 199Pb are discussed. Finally,
a summary is given in Sec. V.
II. THEORETICAL FRAMEWORK
For the consideration of pairing correlations in the framework of TAC-CDFT, as in
Refs. [32, 33], one needs to solve the following RHB equation,

 h− ω · J ∆
−∆∗ −h∗ + ω · J∗



 Uk
Vk

 = Ek

 Uk
Vk

 , (1)
where h is the single-nucleon Dirac equation
hD = α · (p− V ) + β(m+ S) + V (2)
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minus the chemical potential λ, and ∆ is the pairing field. Here, the mean fields S and V µ
as well as the pairing field ∆ in Eq. (1) are treated in a unified and self-consistent way. The
scalar and vector fields S(r) and V µ(r) are determined by
S(r) = αSρS + βSρ
2
S + γSρ
3
S + δS∆ρS,
V µ(r) = αV j
µ
V + γV (j
µ
V )
3 + δV∆j
µ
V + τ3αTV j
µ
TV
+ τ3δTV∆j
µ
TV + eA
µ,
(3)
with the densities and currents
ρS =
∑
k>0
V
†
k γ
0Vk, (4)
j
µ
V =
∑
k>0
V¯kγ
µVk, (5)
j
µ
TV =
∑
k>0
V¯kγ
µ~τVk, (6)
and the electromagnetic field eAµ with e the electric charge unit vanishing for neutrons.
The matrix element of the pairing field ∆ is
∆ab =
1
2
∑
c,d
〈ab|V pp|cd〉aκcd, (7)
where V pp is the pairing force, and the pairing tensor κ = V ∗UT is determined by the
quasiparticle (qp) wavefunctions. In the present work, the separable pairing force is adopted,
which reads in the coordinate space,
V pp(r1, r2, r
′
1
, r′
2
) = Gδ(R−R′)P (r)P (r′)
1
2
(1− P σ). (8)
Here, R = 1
2
(r1+r2) and r = r1−r2 denote the center of mass and the relative coordinates
respectively, and P (r) has a Gaussian expression
P (r) =
1
(4πa2)3/2
e−r
2/4a2 . (9)
The projector 1
2
(1−P σ) allows only the states with the total spin S = 0. The two parameters
G and a have been determined in Ref. [34] by fitting to the density dependence of pairing
gaps at the Fermi surface for nuclear matter obtained with the Gogny forces.
By solving the Eq. (1) iteratively, one can get the expectation values of the angular
momentum, total energies, quadrupole moments, transition probabilities, etc. The detailed
formulas can be seen in Ref. [33].
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III. NUMERICAL DETAILS
In present work, the observed magnetic rotational bands 1 and 3 in 198Pb as well as bands
1 and 2 in 199Pb are investigated. Here, the same short-hand notation for the configurations
are used as in Ref. [28]: A, B, C, and D denote i13/2 neutron holes with positive parity and
E denotes a neutron hole in (fp) shell with negative parity. These four bands have the same
proton configuration, i.e., π(s−2
1/2h9/2i13/2), and the proton configuration is abbreviated by its
spin number 11. Using these short-hand notations, the configurations before back-bending
for bands 1 and 3 in 198Pb are referred as AE11 and AB11, and the configurations after
back-bending, caused by the two more aligned i13/2 neutron holes, are referred as ABCE11
and ABCD11, respectively. As for the bands 1 and 2 in 199Pb, the configurations before
back-bending are referred as A11 and ABE11, and the configurations after back-bending,
also caused by two more aligned i13/2 neutron holes, are denoted by ABC11 and ABCDE11,
respectively.
The TAC-CDFT with pairing correlations is applied to all of these four magnetic rota-
tional bands. The well-known density functional PC-PK1 [35] is adopted in particle-hole
channel. The separable pairing force with G = −738 MeV fm3 and a = 0.636 fm [34] is
used in particle-particle channel. The RHB equation (1) are solved with three dimensional
harmonic oscillator basis in Cartesian coordinates with 12 major shells, which is the same as
the case in Ref. [28]. In the present calculations, the method proposed in Ref. [32] is followed
to trace and block the right qp orbits, and to keep the multi-qp configurations unchanged
while solving Eq. (1) iteratively with different λ and rotational frequency ω values.
IV. RESULTS AND DISCUSSION
The excitation energies for bands 1 and 3 in 198Pb as well as bands 1 and 2 in 199Pb
calculated by TAC-CDFT with and without pairing correlations are shown in Fig. 1, in
comparison with the experimental data [36, 37]. It is found that energy spectra for all of
these four bands are well reproduced. Especially, the energy differences before and after
back-bending agree well with the experimental data without any artificial renormalizations
of the bandhead after the inclusion of pairing correlations. Meanwhile, one can determine
the band crossing frequencies more accurately by considering the pairing correlations. The
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FIG. 1. (Color online) Rotational excitation energies calculated by TAC-CDFT for the bands 1
and 3 in 198Pb (upper panels) and bands 1 and 2 in 199Pb (lower panels) as a function of total
angular momentum, in comparison with the data [36, 37] (solid dots). The solid and dashed lines
represent the calculated results with and without pairing correlations, respectively.
pairing effects are significant for the bands based on configurations AE11 and AB11 in 198Pb,
as well as A11 in 199Pb. This leads to the remarkable reduction of excitation energies. The
effects of pairing correlations are relatively small for ABE11 in 199Pb due to the involved
blocking neutron i13/2 and p1/2 orbits. After the back-bending, caused by two more aligned
i13/2 neutron holes, the pairing effects vanish for all of the four bands and, thus, calculated
results are same as the ones in Ref. [28].
The calculated total angular momenta as a function of rotational frequency are shown in
Fig. 2, in comparison with the experimental data [36, 37]. The agreement with experiment is
good with the inclusion of pairing correlations except for regions around the back-bendings,
for example, in the spin region of 19 − 21~ for band 1 in 198Pb. It is well known that the
back-bending phenomenon is beyond the scope of a cranking calculation [38]. In addition,
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FIG. 2. (Color online) Total angular momenta calculated by TAC-CDFT for bands 1 and 3 in 198Pb
(upper panels) and bands 1 and 2 in 199Pb (lower panels) as a function of rotational frequency, in
comparison with the data [36, 37] (solid dots). The solid and dashed lines denote the calculated
results with and without pairing correlations, respectively.
from Fig. 2, one can see that in the spin regions before back-bending of bands 1 and 3 in
198Pb as well as band 1 in 199Pb, the pairing effects on the total angular momenta are only
visible in the high rotational frequency. As for band 2 in 199Pb, the calculated total angular
momenta with pairing correlations even larger than the cases without pairing at the same
rotational frequency. These phenomena are similar as demonstrated in Ref. [32].
In order to understand these distinctive features, the proton and neutron angular momen-
tum vectors calculated by TAC-CDFT for the spin regions before back-bending are shown in
Fig. 3. The results with and without pairing are distinguished by different types of arrows.
The solid and dashed lines are used to distinguish the results with different rotational fre-
quencies. As shown in Fig. 3, for all the cases, the proton and neutron angular momentum
vectors form the two blades of the shears. As the increase of rotational frequency, these
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FIG. 3. (Color online) Neutron Jν and proton Jpi angular momentum vectors for bands 1 and 3 in
198Pb (upper panels) and bands 1 and 2 in 199Pb (lower panels). Results with and without pairing
correlations are distinguished by different types of arrows.
two blades move towards to each other and generate larger total angular momentum with
the direction nearly unchanged. In this way, the well-known “shears mechanism” are clearly
presented.
In present calculations, proton pairing energies for all of the bands vanish due to the large
shell gaps in 198Pb and 199Pb with the proton number Z = 82. Thus, the magnitudes of
proton angular momentum vectors with and without pairing are almost equal to each other.
However, the magnitudes of neutron angular momentum vectors are reduced by pairing
correlations. It is noted that the angles between the two shears blades are also reduced
by pairing correlations compared to the cases without pairing. This leads to the increase
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of the total angular momentum. Therefore, the pairing correlations have two competitive
consequences, namely, reducing the amplitudes of proton and neutron angular momenta and
closing the angles between them.
The transition probabilities B(M1) associated with the four shears bands in 198Pb and
199Pb are also investigated, as shown in Fig. 4. The B(M1) values are calculated with the
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FIG. 4. (Color online) The calculated B(M1) values for bands 1 and 3 in 198Pb (upper panels) and
bands 1 and 2 in 199Pb (lower panels) as a function of the total angular momentum, in comparison
with the data. Solid dots and squares denote experimental data from DSAM [39] and FDM [40],
respectively.
semiclassical approximation from the magnetic moments [41]. Here, the magnetic moments
are derived from the relativistic electromagnetic current operator [18], and the Dirac effective
mass scaled approximately to the nucleon mass by introducing a factor 0.58, similar to
Refs. [33, 42]. A good agreement with the experiment is achieved by performing the TAC-
CDFT calculations with pairing correlations. For all of the magnetic rotational bands in
198Pb and 199Pb, the calculated B(M1) values decrease with total angular momentum,
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which is a typical feature for the magnetic rotation. For the spin regions before back-
bending where pairing correlations play a role, the B(M1) values are reduced compared to
the results without pairing. Meanwhile, the B(M1) values decrease faster with total angular
momentum which is associated with the fact that pairing can expedite the merging of the
two shears blades as shown in Fig. 3.
The E2 transition probabilities calculated by TAC-CDFT with and without pairing cor-
relations are shown in Fig. 5, in comparison with the experimental data. The B(E2) values
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FIG. 5. (Color online) The calculated B(E2) values for bands 1 and 3 in 198Pb (upper panels) and
bands 1 and 2 in 199Pb (lower panels) as a function of the total angular momentum, in comparison
with the data [39]. The solid and dashed lines denote the calculated results with and without
pairing correlations, respectively.
in the TAC-CDFT calculations are in a reasonable agreement with experiment and keep
roughly unchanged with total angular momentum. This is consistent with the nearly con-
stant quadrupole deformation in each configuration. In contrast to the M1 transitions,
pairing effects are marginal on E2 transitions.
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V. SUMMARY
In summary, the TAC-CDFT with a separable pairing force is used to investigate the
magnetic rotational bands observed in 198Pb and 199Pb. The energy spectra, total angular
momenta as well as transition probabilities are well reproduced after the pairing correlations
are included. The leftover problems, namely, the renormalization of bandheads and the too
low rotational frequency for band crossings in Ref. [28], where the TAC-CDFT without
pairing correlations are performed for the magnetic rotations in 198Pb and 199Pb, are solved
by considering pairing correlations. The conclusions about the impact of pairing on total
angular momenta given in Ref. [32] hold true for present calculations in 198Pb and 199Pb.
In both calculations, pairing correlations can have two competitive consequences, namely,
reducing the magnitude of proton and neutron angular momenta and expediting the merging
of their directions. These two counteracted consequences can, thus, influence the generation
of total spin.
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